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Abstract Single-frequency precise point positioning (SF-
PPP) is a potential precise positioning technique due to the
advantages of the high accuracy in positioning after con-
vergence and the low cost in operation. However, there are
still challenges limiting its applications at present, such as
the long convergence time, the low reliability, and the poor
satellite availability and continuity in kinematic applica-
tions. In recent years, the achievements in the dual-frequency
PPP have confirmed that its performance can be signifi-
cantly enhanced by employing the slant ionospheric delay
and receiver differential code bias (DCB) constraint model,
and the multi-constellation Global Navigation Satellite Sys-
tems (GNSS) data. Accordingly, we introduce the slant
ionospheric delay and receiver DCB constraint model, and
the multi-GNSS data in SF-PPP modular together. In order
to further overcome the drawbacks of SF-PPP in terms
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of reliability, continuity, and accuracy in the signal easily
blocking environments, the inertial measurements are also
adopted in this paper. Finally, we form a new approach to
tightly integrate the multi-GNSS single-frequency observa-
tions and inertial measurements together to ameliorate the
performance of the ionospheric delay and receiver DCB-
constrained SF-PPP. In such model, the inter-system bias
between each two GNSS systems, the inter-frequency bias
between each two GLONASS frequencies, the hardware
errors of the inertial sensors, the slant ionospheric delays of
each user-satellite pair, and the receiver DCB are estimated
together with other parameters in a unique Kalman filter.
To demonstrate its performance, the multi-GNSS and low-
cost inertial data from a land-borne experiment are analyzed.
The results indicate that visible positioning improvements in
terms of accuracy, continuity, and reliability can be achieved
in both open-sky and complex conditions while using the
proposed model in this study compared to the conventional
GPS SF-PPP.

Keywords Single-frequency precise point positioning
(SF-PPP) · Multi-constellation global navigations satellite
systems (Multi-GNSS) · Inertial navigation system (INS) ·
Ionospheric delay and receiver DCB constraint (IC) ·MEMS
inertial measurements unit (IMU)

1 Introduction

Along with successive accuracy improvements on the satel-
lites’ precise orbit and clock products (Steigenberger et al.
2009; Kouba 2013) of global positioning system (GPS) and
the rapid developments of multi-constellation global navi-
gation satellite system (GNSS) (Montenbruck et al. 2014;
Li et al. 2015), the performance of precise point position-
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ing (PPP) (Héroux and Kouba 1995; Zumberge et al. 1997)
has been ameliorated obviously, especially by applying the
undifferenced ambiguities fixed model (Ge et al. 2008; Geng
et al. 2010; Li et al. 2013), the slant ionospheric delay and
receiver differential code bias (DCB) constraint model (Tu
et al. 2013a, b; Zhang et al. 2013), and the PPP-RTK model
(Geng et al. 2011; Teunissen and Khodabandeh 2015). Such
achievements promoted the PPP based on dual-frequency
GNSS observations being utilized widely in many engineer-
ing applications and scientific research domains, such as in
the Earth surface deformation monitoring (Azúa et al. 2002;
Larson et al. 2003; Xu et al. 2013), the meteorology research
(Gendt et al. 2003; Li et al. 2015), the kinematic precise
positioning (Gao and Shen 2002; Bock et al. 2003; Héroux
et al. 2004), and the regional ionospheric modeling (Shi et al.
2012; Zhang et al. 2013).

Nevertheless, the GPS single-frequency PPP (SF-PPP)
(Øvstedal 2002) has not been used as popular as the dual-
frequency PPP (DF-PPP). Generally, it is mainly due to
the fact that there exist no effective models that can be
utilized to reduce the effect of the ionospheric delay in SF-
PPP which may give rise to lower positioning accuracy and
longer convergence time compared to the DF-PPP, espe-
cially in the kinematic applications. In order to overcome
such drawback and upgrade the performance of SF-PPP, the
Global IonosphericMapping (GIM) (Schaer et al. 1998) pro-
vided by International GNSS service (IGS) is recommended
to be used to correct the ionospheric delay on pseudo-
range and carrier phase (Øvstedal 2002). Also, the single-
frequency ionosphere-free combination (Montenbruck 2003)
is an effective method that can be adopted in SF-PPP to
eliminate the ionospheric delay on carrier phase, which is
usually named as theGroup andPhase IonosphereCorrection
(GRAPHIC) model (Yunck 1996). However, because of the
low accuracy of GIM (Hernández-Pajares et al. 2009) and the
large noise of the single-frequency ionosphere-free combina-
tion (Gao et al. 2006), the SF-PPPpositioning accuracy is still
not sufficient. To solve this problem, Beran et al. (2003) pro-
posed that the zenith ionospheric delay of each user-satellite
pair can be estimated as parameters (Beran et al. 2003, 2004),
which has been proved being able to obviously enhance the
performance of SF-PPP (Gao et al. 2006). Besides, both the
position accuracy and convergence time of the SF-PPP can
also be ameliorated by using the precise global and regional
ionospheric model (Le et al. 2009; Shi et al. 2012; Yao et al.
2013) and ambiguities resolution model (Odijk et al. 2012).
Meanwhile, benefitting from the updated GLONASS and
being established BDS and Galileo (Yang et al. 2011; Mon-
tenbruck et al. 2014), the performance of the SF-PPP can be
upgraded visibly due to the significant enhancements of the
satellites availability and continuity. Cai et al. (2013) eval-
uated the performance of the GPS + GLONASS SF-PPP
based on the single-frequency ionosphere-free combination

using both static data and kinematic observations, and about
30% position root-mean square (RMS) improvements were
achieved compared to GPS only SF-PPP solutions. Lou et al.
(2015) presented ageneralmodel for both theDF-PPPand the
SF-PPP using the GPS + BDS + GLONASS + Galileo raw
observations with the zenith ionospheric delay constraint,
and their results calculated from multi-GNSS Experiment
(MGEX) data demonstrated an improved performance of the
general PPP models.

However, as a passive radio positioning mode, the final
performance of the GNSS depends directly on the quality of
the satellite signal tracking (Kleusberg and Teunissen 1996;
Bisnath and Gao 2009). Hence, all of the positioning meth-
ods based on the GNSS observations may not work when
partial or all of the GNSS signals are lost (Gao et al. 2015).
Although the cycle-slip fixed algorithm (Zhang and Li 2012)
can partially improve the performance of the PPP after the
satellite signals are locked again, there are no output solu-
tions during the GNSS outages periods. In order to obtain the
positions during the GNSS outage situations, the integration
system between the GPS and the inertial navigation system
(INS) was proposed (Cox 1978), in which the advantages
of both GPS and INS can be utilized and their drawbacks
can be conquered effectively (Siouris 1993; Kim et al. 1998;
Grejner-Brzezinska et al. 1998; Farrell and Barth 1999). In
such system, the INS can provide users continuous and high
rate navigation solutions during the GPS outage periods by
only processing the velocity and angle data output from the
Inertial Measurement Unit (IMU) sensor without any other
external observations. Meanwhile, the errors of the IMU
can be estimated and compensated online which can fur-
ther improve the performance of the INS significantly (Shin
and El-Sheimy 2003; Petovello 2004; Zhang and Gao 2005;
Shin 2006). Recently, quite a few of studies have focused
on the integration of the dual-frequency PPP and the INS
using both single-GPS data (Roesler and Martell 2009; Du
2010; Rabbou and El-Rabbany 2015; Gao et al. 2015) and
multi-GNSS data (Gao et al. 2016). The results show that
the performance of PPP in terms of positioning accuracy and
convergence speed can be improved obviously by the INS in
both open-sky environments and challenged conditions.

Compared to the DF-PPP, the single-frequency PPP is
muchmore cost effective. Thus, it is worth to do efforts to fur-
ther improve the performance of the single-frequency PPP.
In this paper, based on the previous studies on the SF-PPP, in
order to further improve the positioning performance of the
SF-PPP at present condition, we proposed the new algorithm
of the single-frequency PPP, in which the slant ionospheric
delay and receiver DCB constraint model, multi-GNSS data,
andMEMS INSmeasurements will be integrated together. In
this new SF-PPP mode, the positioning performance can be
enhanced evidently by aiding relevant constraints and the INS
augmentation, and the details about the methodology and the
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software implementation will be introduced in Sect. 2. Then,
a land-borne experiment was arranged and GNSS outages
were simulated to validate the performance of the augmented
SF-PPP in kinematic applications as described in Sects. 3 and
4. Finally, key conclusions are provided in Sect. 5.

2 Kinematic single-frequency PPP augmentation
model

In this section, the mathematical model of the augmented
SF-PPP will be investigated. First, the raw observational
functions of single-frequency GNSS will be given. Then, it
is followed by the observational model of the slant iono-
spheric delay and receiver DCB constraint SF-PPP, the
INS-augmented SF-PPP, the corresponding method of the
parameter modeling and the adjustment, and the implemen-
tation of the whole system.

2.1 Single-frequency GNSS observational function
model

Generally, the pseudo-range and carrier-phase observations
on f1 frequency (i.e. GPS L1: 1575.42MHz; BDS B1:
1562.098MHz; GLONASS L1: 1602.006 + k 0.5625MHz,
where k is the corresponding frequency coefficient) are
adopted in the SF-PPP. The corresponding linearization
observations for SF-PPP can be expressed as

Ps
O,r, f1 − Ps

C,r, f1 = usrδpr + δtr + ms
wδTw,ztd + δ I sr, f1

+δdsr, f1 + εPs , εPs ∼ N
(
0, σ 2

Ps

)
(1)

Ls
O,r, f1 − Ls

C,r, f1 = usrδpr + δtr + ms
wδTw,ztd − δ I sr, f1

−λsf1δN
s
r, f1 + εLs , εLs ∼ N

(
0, σ 2

Ls

)

(2)

where the symbols O and C refer to the observed and com-
puted GNSS pseudo-range (P) and carrier phase (L) on f1;
the superscripts s and r denote the GNSS systems (s =GPS,
BDS, and GLONASS) and receiver, respectively; usr and
ms

w stand for the direction cosine matrix of each receiver–
satellite pair and the global mapping function (GMF) of the
wet component of the tropospheric delay (Böhm et al. 2006);
δ represents error; pr and tr are the receiver position and the
receiver clock offset; Tw,ztd and I sr, f1 express the zenith total
delay of the wet tropospheric delay and the slant ionospheric
delay on f1; dsr, f1 is the receiverDCB;λ

s
f1
and Ns

r, f1
represent

the carrier-phasewavelength and the float ambiguity; εPs and
εLs are the sum of the observation noise and the unmodeled
errors of the pseudo-range and carrier phase, respectively,
with the corresponding apriori variance of σ 2

Ps = 0.6m and
σ 2
Ls = 0.003m, andmeanwhile the satellite-elevation-angle-

depended model (Gendt et al. 2003) will also be applied to

obtain the suitable apriori variance for the observations of
different satellites.

2.2 Slant ionospheric delay and receiver
DCB-constrained multi-GNSS SF-PPP
observational functions

For the SF-PPP, the crux is to weaken the impact of the
residual of the slant ionospheric delay in Eqs. (1) and (2),
and the effect of the receiver DCB in Eq. (1) on the SF-
PPP. In general, the previous researches on the SF-PPP are
mainly focused on degrading the influence of the ionospheric
delay (Øvstedal 2002; Montenbruck 2003; Beran et al. 2003,
2004). In the GIM correction model, the undisposed receiver
DCB and the residual of the ionospheric delay may con-
taminate the performance of the SF-PPP (Øvstedal 2002). In
the ionosphere-free combination (Yunck 1996;Montenbruck
2003), although the ionospheric delayon the carrier phase can
be eliminated by taking the averaging between the pseudo-
range and the carrier phase, such combination also makes the
carrier-phase noisemuch larger. Besides, the receiver DCB is
also absorbed by the float ambiguity in the IF SF-PPP which
will destroy the constant character of the float ambiguity. The
ionospheric delay effect on SF-PPP can be ignored by using
the parameterization model without considering the receiver
DCB (Beran et al. 2003, 2004). In order to overcome the
drawbacks in these models, the slant ionopheric delays of
each receiver–satellite pair and receiver DCB are parame-
terized and constrained by a priori model according to the
studies of Tu et al. (2013a) and Zhang et al. (2013).

Based on previous studies on the dual-frequency GNSS
ionopsheric and the receiver DCB constraint PPP (Tu et al.
2013a; Zhang et al. 2013; Li et al. 2013, 2015; Teunissen and
Khodabandeh 2015), the linearization observations for the
slant ionopsheric delays and the receiver DCB-constrained
SF-PPP in the GPS+BDS+GLONASS case can be written
as

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

PG
O,r, f1

PB
O,r, f1

PR
O,r, fk

LG
O,r, f1

LB
O,r, f1

LR
O,r, fk

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

−

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

PG
C,r, f1

PB
C,r, f1

PR
C,r, fk

LG
C,r, f1

LB
C,r, f1

LR
C,r, fk

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

uGr δpr + δtr + mG
wδTw,ztd + δ I Gr, f1 + dGr, f1

uB
r δpr + δtr + mB

wδTw,ztd + δ I Br, f1 + dB
r, f1

uR
r δpr + δtr + mR

wδTw,ztd + δ I Rr, fk + dR
r, fk

uGr δpr + δtr + mG
wδTw,ztd − δ I Gr, f1 − λG

f1
δNG

r, f1

uB
r δpr + δtr + mB

wδTw,ztd − δ I Br, f1 − λB
f1
δN B

r, f1

uR
r δpr + δtr + mR

wδTw,ztd − δ I Rr, fk − λR
fk
δN R

r, fk

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3)
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where G, B, and R refer to GPS, BDS, and GLONASS
respectively; the other parameters are the same as in (1) and
(2).

To make sure the slant ionospheric delay can be estimated
as precise as possible, a temporal and spatial correlation
virtual observation function for each ionospheric delay is
applied, which can be expressed as

I sr, f1 = 40.28 · VTEC/
(
f 21 cos (Zθ )

)

+ εI sr, f1
, εI sr, f1

∼ N

(
0, σ 2

εI sr, f1

)
(4)

with the apriori variance (Zhang et al. 2013)

σ 2
εI sr, f1

=
⎧
⎨
⎩

σ 2
I,0/ sin

2 (E) , t < 8||20 < t ||B > π/3
(
σ 2
I,0 + σ 2

I,1 cos (B) cos
(
t−14
12 π

))
/ sin2 (E) , other

(5)

where VTEC and Zθ refer to the vertical electronic content
obtained from the GIM (Schaer et al. 1998) and the zenith
angle at the ionosphere puncture point (IPP); εI sr, f1

is the
accuracy of the GIM model with the corresponding apriori
variance σ 2

εI sr, f1

as expressed in (5); E and B denote satellite

elevation angle and the geodetic latitude of the receiver; t is
the local time at IPP; σ 2

I,0 and σ 2
I,1 represent the variance of

the zenith ionospheric delay and that of the zenith ionospheric
delay variation with the apriori value of σ 2

I,0 = σ 2
I,1 = 0.3m

for the GIM model (Gao et al. 2015).
The dynamicmodel to describe the slant ionospheric delay

variation can be defined as

I sj,r, f1 = I sj−1,r, f1 +ωI sj−1,r, f1
, ωI sj−1,r, f1

∼ N

(
0, σ 2

ωI sj−1,r, f1

)

(6)

where σ 2
ωI sj,r, f1

is the apriori variance of the ionospheric delay

variation (ωI sj,r, f1
); j denotes the epoch number. It should

be noticed that the variation rate of the slant ionospheric
delay is closely related to the satellite elevation angle. Hence,
the satellite-elevation-angle-depended model (Gendt et al.
2003) is utilized to obtain the apriori variance of the slant
ionospheric delay variation, and the expression can bewritten
as

σ 2
ωI sj−1,r, f1

=
{

σ 2
ω0

, E ≥ π/6

σ 2
ω0

/ (2 · sin (E)) , E < π/6
(7)

where σ 2
ω0

= 0.03m/sqrt(h) is the basic apriori variance of
the slant ionospheric delay variation (Gao et al. 2015).

Usually, there are hardware time delays in both transmit-
ting terminal and receiving terminal. Such delays on carrier

phase are called the uncalibrated phase delays (UPD) which
are within ±0.5 cycle and can be absorbed by float ambigu-
ity (Ge et al. 2008; Geng et al. 2010). Hence, it will not be
considered in this SF-PPP. But, the hardware time delays on
pseudo-range which cannot be absorbed, can be expressed
in terms of the DCB, because the current satellites clock
computation is based on the dual-frequency ionosphere-free
combination, which can be defined as (Dach et al. 2007; Tu
et al. 2013a)

[
dDCB
0

]
=

[
1 −1

f 21
f 21 − f 22

− f 22
f 21 − f 22

] [
d1
d2

]
(8)

where dDCB stands for the DCB calculated by taking dif-
ference between the hardware time delays on pseudo-ranges
P1 and P2. Whereas, the satellite DCB can be eliminated
by using the DCB products from the IGS analysis center.
The receiver DCB can be neither absorbed by parameters
in the pseudo-range function (1) nor corrected by the exist-
ing products. To weaken the receiver DCB’s impact on the
performance of the PPP, it can be estimated as parameter
as random walk procedure (Zhang et al. 2013). According
to Eq. (8), the receiver hardware time delay on the pseudo-
ranges P1 can be further expressed as (Tu et al. 2013a; Li
et al. 2015)

dsr, f1 = − f 22 · dr,DCB/
(
f 21 − f 22

)
(9)

with the corresponding random walk expression of

dsj,r, f1 = dsj−1,r, f1 + ωdsj−1,r, f1
, ωdsj−1,r, f1

∼ N

(
0, σ 2

ωdsj−1,r, f1

)

(10)

where ωdsj−1,r, f1
is the driving white noise of the receiver

hardware time delay on P1 with the apriori variance of
σ 2

ωdsj−1,r, f1

= 0.01m/sqrt(h) (Zhang et al. 2013). For the

multi-GNSS case, due to different signal structures and fre-
quencies adopted by each system, the receiver hardware time
delays are not consonant with each other (Tu et al. 2013a;
Li et al. 2015). Taking the receiver hardware time delay
of the GPS as the basic value, the receiver hardware time
delay between the BDS/GLONASS and the GPS are the
inter-system biases (ISB). Besides, because the frequency-
division multiple access (FDMA) technology is adopted by
the GLONASS at present, the receiver hardware time delays
of each GLONASS satellite are also a little different, and the
difference between every two GLONASS frequencies is the
inter-frequency bias (IFB). The estimates of the IFBs have
been studied by many previous scholars, such as Tu et al.
(2013a) and Li et al. (2015), etc. Generally, such DCBs can
be estimated either as 1 basic DCB and 2 ISBs and nR − 1
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IFBs or as 2 + nR independent DCBs (nR is the available
GLONASS numbers). In our study, we estimated the DCBs
as independent parameters.

Finally, the observation functions of the slant ionospheric
delay and the receiver DCB-constrained GPS+BDS+
GLONASS SF-PPP will consist of 3∗n pseudo-range equa-
tions, 3∗n carrier-phase equations, n ionospheric related vir-
tual equations and 2+nR receiver DCB related virtual equa-
tions (n is the available numbers ofGPS+BDS+GLONASS
satellites). Then, the corresponding state vector will include
the position, receiver clock, residual of the wet tropospheric
zenith total delay, receiver DCB, inter-system biases, inter-
frequency biases, slant ionospheric delays, and the float
ambiguities for each satellite.

2.3 INS-augmented multi-GNSS SF-PPP linearization
observational model

In the INS-augmented multi-GNSS SF-PPPmodel, the com-
puted GNSS observations in Eq. (3) will be replaced by the
INS predicted values (Gao et al. 2015, 2016). It was proved
that the Doppler observations were conducive for estimating
the INS sensor errors (Crespillo et al. 2014).Hence, after con-
sidering the virtual equations related to the slant ionospheric
delay and receiverDCB, the correspondingobservation equa-
tions for the INS-augmentedmulti-GNSSSF-PPP arewritten
as

⎡
⎢⎢⎢⎢⎢⎣

Ps
O,r, f1

Ls
O,r, f1

Ds
O,r, f1

Isr, f1
dsr, f1

⎤
⎥⎥⎥⎥⎥⎦

−

⎡
⎢⎢⎢⎢⎢⎣

Ps
INS,r, f1

Ls
INS,r, f1

Ds
INS,r, f1

IsINS,r, f1
dsINS,r, f1

⎤
⎥⎥⎥⎥⎥⎦

−

⎡
⎢⎢⎢⎢⎣

lsp
lsp
lsv
0
0

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

usrδpr + δtr + ms
wδTw,ztd + δ I sr, f1 + δdsr, f1

usrδpr + δtr + ms
wδTw,ztd − δ I sr, f1 − λsf1δN

s
r, f1

usrδvr + δṫr
δ I sr, f1
δdsr, f1

⎤
⎥⎥⎥⎥⎥⎦

(11)

where INS denotes the INS predicted values;D represents the
Doppler observations with the unit of m/s; lsp and lsv refer
to the lever-arm corrections of position (p) and velocity (v)

owning to the difference between the reference center of the
GNSS receiver and the IMU sensor; the others symbols are
the same as those in Eq. (3).

In order to predict the GNSS pseudo-range, carrier phase,
and Doppler observations, the position and velocity of the
satellites interpolated by precise orbit and clock products
together with the position and velocity of the GNSS antenna
updated by the INS mechanization using the increments of
velocity and angle from the IMU (Shin 2006) are utilized.

Generally, the mathematic model of the INS mechanization
can be expressed as an integral process on the INS navigation
differential equation, which can be written as

⎡
⎢⎣
vnINS,tk

pnINS,tk

Cn
b,tk

⎤
⎥⎦ =

∫ tk

tk−1

⎡
⎢⎢⎣

f n − (
ωn
ie + ωn

in

) × vnINStk−1
+ gn

vnINStk−1(
ωn
ib×

) − (
ωn
in×

)
Cn
b,tk−1

⎤
⎥⎥⎦dt

(12)

where pnINS, v
n
INS, and C

n
b denote the INS computed position,

velocity, and attitude matrix for transform from body (b)
frame (i.e., Forward-Right-Down) to navigation (n) frame
(i.e., North-East-Down); Cn

b can be expressed in terms of
Euler angle (roll, pitch, and heading);

∫ tk
tk−1

()dt stands for
the integral operation from epoch tk−1 to tk ; f n and ωn

ib rep-
resent the specific force and the angular rate of the platform in
navigation frame measured by accelerometer and gyroscope
contained in IMU senor; ωn

in and ωn
ie are the rotation angu-

lar rate of n frame and Earth-centered Earth-fixed (e) frame
(i.e., WGS84) with respect to inertial (i) frame projected in
n-frame; gn is the gravity.

Then, the INS-predicted values at the GNSS receiver
antenna phase center can be expressed as

⎡
⎢⎢⎣

Ps
INS,r, f1

+ lsp

Ls
INS,r, f1

+ lsp

Ds
INS,r, f1

+ lsv

⎤
⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

∥∥ps − (
peINS + Ce

nC
n
bι

b
I−G

)∥∥ + 	Ps
f1∥∥ps − (

peINS + Ce
nC

n
bι

b
I−G

)∥∥ − λsf1N
s
r, f1

+ 	Ls
f1∥∥vs − veINS − Ce

n

((
ωn
in×

)
Cn
bι

b
I−G

+Cn
b

(
ιbI−G×)

ωb
ib

)∥∥ + 	Ds
f1

⎤
⎥⎥⎥⎥⎦

(13)

where ps and vs refer to the position and velocity of satel-
lite in e-frame computed by precise satellite orbit and clock
products; peINS and veINS denote the position at the IMUcenter
in the geodetic coordinate system (latitude-longitude-height)
and velocity at IMU center in e-frame which can be obtained
from pnINS and vnINS in (12); Ce

n is used to transform from
n-frame to e-frame; ιbI−G represents the lever-armoffsetmea-
sured from the IMU center to the GNSS receiver antenna
phase center in b-frame; 	Ps

f1
, 	Ls

f1
, and 	Ds

f1
indicate

the sum of the error corrections of the pseudo-range, carrier
phase, and Doppler, respectively.

As mentioned above, the INS is usually operated in n-
frame, and the position is expressed in terms of geodetic
latitude (B), longitude (L), and height (h). Hence, accord-
ing to Eq. (13), after considering δCn

b = I − (δθ×) in small
attitude variation (δθ) condition and δver = δ

(
Ce
nv

n
r

) =
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Ce
nδv

n
r + δCe

nv
n
r , the relationship between the increments of

the position and velocity at the GNSS receiver antenna phase
center in e-frame and these at the IMU measuring center in
n-frame can be given by

[
δpr

δvr

]
=

⎡
⎢⎣
C1δpnINS + C1

(
Cn
bι

b
I−G×)

δθ

C2δpnINS + Ce
nδv

n
INS − Ce

nγ1δθ

+Ce
nC

n
b

(
ιbI−G×)

δωb
ib

⎤
⎥⎦ (14)

with

C1 =
⎡
⎣

− (RN + h) sin(B) cos(L)/ (RM + h) − sin(L) − cos(B) cos(L)

− (RN + h) sin(B) sin(L)/ (RM + h) cos(L) − cos(B) sin(L)(
RN

(
1 − e20

) + h
)
cos(B)/ (RM + h) 0 sin(B)

⎤
⎦ (15)

C2 =
⎡
⎣

− cos (B) cos (L) vN + sin (B) cos (L) vD sin (B) sin (L) vN + cos (B) sin (L) vD 0
− cos (B) sin (L) vN + sin (B) sin (L) vD − sin (B) cos (L) vN − cos (B) cos (L) vD 0

− sin (B) vN − cos (B) vD 0 sin(B)

⎤
⎦ (16)

γ1 = (
ωn
in×

)
Cn
b

(
ιbI−G×

)
+ Cn

b

(
ιbI−G × ωb

ib

)
(17)

where C1 is used to transform the position increments from
geodetic coordinate system to e-frame; C2 stands for the
position-related coefficient derived from δ(Ce

nv
n
r ); γ1 is the

attitude related coefficient; vE , vN and vD are the velocity
at the GNSS receiver antenna center in n-frame; RM , RN ,
and e20 represent the prime circle radius, the meridian radius,
and the first eccentricity of the Earth ellipsoid; δωb

ib denotes
the gyroscope errors with considering only the bias and the
scale factor in this paper. Similarly, such kinds of errors also
should be considered for accelerometers observations (Niu
et al. 2006). In general, it can be written as

[
δωb

ib
δf b

]
=

[
Sg 0
0 Sa

] [
ωb
ib

f b

]
+ 	t

[
Bg

Ba

]
(18)

with the corresponding driving noise being modeled as 1st

order Gauss–Markov process

[
Sk
Bk

]
= e−	t/T

[
Sk−1

Bk−1

]
+

[
ςSk−1

ςBk−1

]
,

[
ςSk−1

ςBk−1

]

∼ N

[
0, 2σ 2

S	t/T
0, 2σ 2

B	t/T

]
(19)

where	t and T indicate the interval of the IMUobservations
and the relative time of the IMU errors; σ 2

S and σ 2
B are the

apriori variance of the scale factor (S) and the bias (B) which
are mainly determined by the IMU sensor performance and
can be obtained from the manufacturer or by calibration.

2.4 Parameters modeling and adjustment

According to the mathematical model of the Kalman filter
(Brown and Hwang 1992), we have the observation function

Z j = H jX j + ε j , ε j ∼ N (0,R j ) (20)

and the corresponding state function

X j = Φ j, j−1X j−1 + ξ j−1, ξ j−1 ∼ N (0,Q j−1) (21)

whereZ,H, andR denote, respectively, the innovation vector
obtained from left side of Eq. (11), the design coefficient

matrix derived from right side of Eq. (11), and the apriori
variance of the measurements noise (ε) based on Eqs. (5)
and (7);Q andΦ indicate the state noise (ξ ) variance of state
vector (X) and the corresponding transform matrix from j-1
epoch to j epoch according to the dynamic model of each
state parameter, respectively. By introducing Eqs. (13) and
(14) into Eq. (11), the state vector of the INS-augmented
multi-GNSS SF-PPP can be obtained and expressed as

X =
[
δpnINS δvnINS δθ BIMU SIMU δtr δTw,ztd δdsr, f1 δNs

r, f1
δIsr, f1

]T

(22)

where BIMU = [
Bg Ba

]
and SIMU = [

Sg Sa
]
represent the

biases and scale factors of gyroscopes and accelerometers;
δtr and δdsr, f1 refer to respectively the receiver clock error-
related parameter (clock offset and drift) and receiver DCB
error-related parameters; δNs

r, f1
and δIsr, f1 denote the float

ambiguities error and slant ionospheric delays error of each
satellite.

It should be noticed that in the INS-augmented multi-
GNSS SF-PPP, the PSI angle error model (Shin 2006) can be
used to describe the dynamic behavior of position, velocity,
and attitude, respectively, which can be defined as

⎡
⎣

δpnINS,k
δvnINS,k

δθk

⎤
⎦=

⎡
⎢⎢⎣

(
I − (

ωn
en×

)
	t

)
δpnINS,k−1 + δvnINS	t(

I − ((
ωn
ie + ωn

in

)
	t

) ×)
δvnINS,k−1

+ (
f n×)

δθk−1	t + δgn	t + C p
b δf b	t

−ωn
in × δθ − Cn

bδω
b
ib

⎤
⎥⎥⎦

(23)
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Fig. 1 Implementation of the
single-frequency PPP
augmented by slant ionospheric
delay and the receiver DCB
constraint model, the
multi-GNSS, and the inertial
measurements

INS 
Mechanization INS Prediction

Multi-GNSS 
Precise Products

GLONASS

BDS
GPS

Pseudo-range, Carrier-phase, 
and Doppler

Orbit, Clock, DCB, and 
Ionospheric Model

Increments of 
Velocity and 

Angular 

Position 
Velocity 
Attitude

Feedback inertial sensor errors, 
corrections of IN

S updated 
position, velocity, and attitude 

INS Predicted 
Pseudo-range
Carrier-phase 

Doppler

Ionospheric 
Delay

Receiver 
DCB

Data 
Fusion Kalman Filter

GNSS Receiver

IMU

where, the symbols in Eq. (23) are the same as those in Eqs.
(12), (15) and (18).

Meanwhile, the random constant model and the random
walk procedure (Brown and Hwang 1992) are utilized to
express the dynamic character of the float ambiguities and
other parameter behaviors. Then, theΦ can be obtained from
these state models mentioned above, and the parameters in
Eq. (22) can be estimated by using the Kalman filter (Brown
and Hwang 1992)

[
X j

P j

]
=

⎡
⎢⎣

Φ j, j−1X j−1 + K j
(
Z j − H jΦ j, j−1X j−1

)
(
I − K j

) (
Φ j, j−1P j−1Φ

T
j, j−1 + Q j−1

)
(
I − K j

)T + K jR jKT
j

⎤
⎥⎦

(24)

where K and I refer to the gain matrix and the unit matrix,
respectively.

2.5 Implementation of augmented single-frequency PPP

According to the mathematic models introduced above, the
SF-PPP augmented by the slant ionospheric delay and the
receiverDCBconstraintmodel, themulti-GNSS, and the INS
canbe implemented.As shown inFig. 1, the increments of the
velocity and angle collected by the IMU (accelerometer and
gyroscope)will be processed in the INSmechanization phase
to provide the navigation parameters (position, velocity, and
attitude) in the n-frame at the IMU measuring center after
the hardware errors (the biases and the scale factors) com-
pensation. Then, these navigation parameters can be applied
together with precise satellite orbits and clocks to predict
the GNSS (GPS/BDS/GLONASS) observations. After that,
the INS predicted pseudo-range, carrier phase, and Doppler
observations at frequency f1 are integrated with GNSS raw
observations output from the GNSS receiver in Kalman fil-
ter. Finally, the enhanced SF-PPP solutions will be achieved
and the inertial sensor errors will have a feedback operation

to compensate the errors of the inertial data before process-
ing the INSmechanization and correcting the INS navigation
parameters.

3 Experiment and data processing methods

In order to evaluate the positioning performance of the new
SF-PPP algorithm in kinematic applications, a group of
theGPS+BDS+GLONASS single-frequency observations
(collected by Trimble NetR9 multi-GNSS receiver) and a set
ofmicroelectromechanical sensor (MEMS) inertialmeasure-
ments from a land-born vehicle test arranged around Wuhan
in China during the local time from about 13.5 to 16.0pm
on 19 June, 2013, were processed and analyzed. During the
test, the vehicle moved repeatedly along the northwest to the
southeast direction with the maximum speed of ±25m/s,
and the trajectory was shown in Fig. 2. The rate of the
GNSS data and the inertial measurements are 1 and 200Hz,
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Fig. 2 Trajectories of the test calculated by different positioning mod-
els: RTK is the reference trajectory, IF SF-PPP, ZIDE SF-PPP, IC
SF-PPP, and ICSF-PPP/INS denote the trajectories computed by single-
frequency ionosphere-free combination PPP, zenith ionospheric delay
estimation PPP, slant ionospheric delay and receiver hardware time
delay constraint PPP, and INS augmentation and slant ionospheric delay
and receiver hardware time delay constraint PPP, respectively; the sub-
figures show the some details of the trajectory
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respectively. The MEMS IMU (POS1100, manufactured by
Wuhan MP Space Time Technology Company) consists of
a triaxial MEMS gyroscope and a triaxial quartz accelerom-
eter. According to the manufacturer information, the biases
instability of the gyroscope and the accelerometer are 10◦/h
and 1.5 cm/s2/h, the corresponding scale factor instability
is 1000 part per million (ppm), and the instabilities of the
angle random walk (ARW) and the velocity random walk
(VRW) are, respectively, 0.33◦/sqrt(h) and 0.18m/s/sqrt(h).
The volume of POS1100 is 81.8× 68× 70mm, and its mass
is less than 0.5kg. Theoretically, POS1100 can work in the
environment with the temperature from −45 to +71 ◦C, and
the operating power is 4W with the range of voltage direct
current between 9 and 36V.

3.1 Data processing schemes

For the single-frequency GNSS data processing, the satellite
cutoff elevation angle is set to 7.5◦. To eliminate and weaken
the impacts of the satellite-related errors (i.e., satellite orbit
and clock error, satellite DCB, satellite phase center offset
and variation) on positioning accuracy, the precise satellite
orbit and clock products for the GPS/BDS/GLONASS from
Wuhan University and the products of the satellite DCB
and the satellite antenna from IGS are utilized. Meanwhile,
the errors like Earth rotation effect, relativity effect, phase
wind-up, solid and ocean tide, phase center offset, and vari-
ation of receiver antenna are corrected by the classic models
(Witchayangkoon 2000). The slant ionospheric delays and
slant tropospheric delay are corrected firstly by the apriori
model, then the residuals are modeled as random walk pro-
cedure and estimated. The receiver clock offset and drift as
well as the receiver DCB, ISB, and IFB are also estimated as
randomwalk parameters. The float ambiguities are estimated
as randomconstants. The errors of position and velocity at the
receiver antenna phase center are replaced by these at inertial
sensor center. Then, the PSI angle error (Shin 2006) model

is adopted to describe the motion status (including position
and velocity) as well as the attitude at the IMU center.

For the INS data processing, besides the biases and scale
factors of the gyroscopes and accelerometers being mod-
eled as 1st Gauss–Markov procedure, the coning correction
model, the rotational, and the sculling effect caused by the
motion of the inertial axes are corrected to eliminate their
influences on the velocity and attitude update in the INS
mechanization (Farrell and Barth 1999; Shin 2006).

Finally, the GNSS/INS data will be processed in the
single-GPS and multi-GNSS SF-PPP model based on: (1)
single-frequency ionosphere-free combination (IF SF-PPP);
(2) zenith ionospheric delay estimation (ZIDE SF-PPP); (3)
slant ionospheric delay and receiver hardware time delay
constraint (IC SF-PPP); (4) INS augmentation and slant
ionospheric delay and receiver hardware time delay con-
straint (IC SF-PPP/INS). To evaluate the performance of
these single-frequency PPP modes, the positioning solutions
of the integration between the fixed post-positioning kine-
matic (the post-processing mode of the real-time kinematic)
and the INS calculated by the Inertial Explorer software from
NovAtel company is treated as the reference values in this
paper. The trajectories calculated by these positioningmodes
are depicted in Fig. 2.

3.2 Satellites availability and continuity

Figures 3 and 4 demonstrate the available satellite num-
bers and the corresponding PDOP of the GPS, GPS+BDS
(GBS), and GPS + GLONASS + BDS (GRB) along with
the land-born vehicle trajectory, respectively. During the
whole test, the available GPS satellite numbers are almost
more than 4 excepting some few seconds, which means that
this experiment is arranged in an open-sky environment.
However, it is significant that the satellite availability and
users–satellite geometry structure can be ameliorated visibly
by using the two-constellation GNSS data (GPS+BDS) and

Fig. 3 Available
GPS/BDS/GLONASS satellite
numbers along with the vehicle
trajectory; here G, B, and R
refer, respectively, to GPS,
BDS, and GLONASS
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Fig. 4 PDOPs of
GPS/BDS/GLONASS along
with the vehicle trajectory; G, B,
and R represent GPS, BDS, and
GLONASS, respectively
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three-constellation GNSS data (GPS+GLONASS+BDS)
compared to those using the GPS only. This makes it be
much more potential to achieve better positioning solutions
using the SF-PPP in future dynamic applications. Accord-
ing to the statistics from Figs. 3 and 4, the average satellite
numbers of GPS, GBS, and GRB are 8.6, 14.8, and 20.5,
and the corresponding PDOP values are 2.1, 1.7, and 1.4,
respectively. Significantly, the available satellite number of
the multi-GNSS is about 1.5–2.5 times larger than that of the
GPS only, and the improvements of PDOPs are about 19.1–
33.3%. It can be concluded that there will be more available
satellites and better PDOP when the GPS, BDS, GLONASS,
and Galileo four-satellite systems are all available.

4 Validation and discussion

In this part, the positioning accuracy of the SF-PPP and the
INS-augmented SF-PPP will be validated and evaluated in
detail in both open-sky and challenged observing environ-
mental conditions which are realized by applying the GNSS
outage simulation.

4.1 Performance of different multi-GNSS SF-PPP
models

The performance of the IF SF-PPP, the ZIDESF-PPP, and the
IC SF-PPP using the single-GPS, two-constellation GNSS
data, and three-constellation GNSS observations are evalu-
ated by making difference between the solutions with the
reference solutions. Then, such coordinate differences are
transformed from e-frame to n-frame. Table 1 shows the posi-
tion differences RMS values of these three single-frequency
PPP models.

According to the statistics for the position differences
of the IF SF-PPP in Fig. 5, the position RMSs of the
GPS+BDS+GLONASS IF SF-PPP are 16.8, 32.9, and
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Fig. 5 Position differences of the single-frequency ionosphere-
free combination PPP using the GPS, GPS+BDS (GBS), and
GPS+GLONASS+BDS (GRB) observations

63.4cm in North, East, and Down components, with 15.2,
39.9, and 15.1% enhancements and 57.8, 55.1, and 18.3%
improvements compared to the GPS+BDS IF SF-PPP solu-
tions and the single-GPS IF SF-PPP solutions as shown in
Table 1.When these GNSS data are processed in the ZIDE
SF-PPP model, visible improvements can be obtained by
comparing the position differences time series in Fig. 6 with
the values in Fig. 5, especially in the east and vertical direc-
tions. Generally, about 1.9, 17.1, and 37.3% average position
enhancements in north, east, and down components can be
achieved compared to the IF SF-PPP. Similarly, the multi-
GNSS can also upgrade the position RMS of the ZIDE
SF-PPP from 39.6, 59.3, and 66.4cm to 16.8, 25.6, and
32.3cm with about 55.8, 36.9, and 46.7% average improve-
ments in north, east, and down components, respectively.

Besides the position RMS, the position instability of the
IF SF-PPP is also obviously worse than that of the ZIDE
SF-PPP. It is mainly due to the fact that the single-frequency
ionosphere-free combination not only pollute and enlarge
the observation noise of the carrier phase, but also bring
the undisposed receiver hardware time delay on the pseudo-
range to the carrier phase, which makes the carrier-phase
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Table 1 PositionRMSof the single-frequencyPPPusing theGPS/BDS/GLONASSdata basedon the single-frequency ionosphere-free combination,
the zenith ionospheric delays estimation, and the slant ionospheric delays and receiver DCB constraint, respectively

GNSS IF SF-PPP ZIDE SF-PPP IC SF-PPP

North East Down North East Down North East Down

GPS (cm) 39.6 73.2 77.6 39.9 59.3 66.4 39.9 51.2 65.9

GBS (cm) 19.8 54.7 74.7 18.5 49.2 38.5 16.4 48.2 37.0

GRB (cm) 16.8 32.9 63.4 16.8 25.6 32.3 16.2 24.5 29.8
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Fig. 6 Position differences of the SF-PPP based on the zenith iono-
spheric delays estimation model using the GPS, GPS+BDS (GBS),
and GPS+GLONASS+BDS (GRB) observations

quality about 100 times worse than the original one. Besides,
the receiver hardware time delay will impact on ambiguity
convergence. For the ZIDE SF-PPP model, the undisposed
receiver hardware time delay only influences on the accuracy
of the pseudo-range, and the carrier phase will keep it with
high accuracy which is the key issue for precise positioning.

The influence of the receiver DCB on the ZIDE SF-PPP
could be removed in the IC SF-PPP model. According to
previous studies, the receiver DCB on the pseudo-range can
influence the position accuracy of the PPP particularly in the
convergence period (Zhang et al. 2013). Different from the
ZIDE SF-PPP mode, the ionospheric delay for each satel-
lite in the inclined signal path is estimated directly in the
IC SF-PPP model. Shown in Fig. 7 is the position differ-
ence time series of the IC SF-PPP, and the corresponding
position RMSs are listed in Table 1. Generally, the perfor-
mance of the IC SF-PPP is significantly better than the other
two SF-PPP models. The statistics indicate that the position
accuracy of the IC SF-PPP can be also visibly upgraded by
using the multi-GNSS data with the position RMSs of16.2,
24.5, and29.8cm in north-east-downdirections, respectively,
while using the three-constellation GNSS data. By compar-
ing the results in Fig. 7 with those in Figs. 5 and 6, about 6.7,
22.5, and 39.5% average position improvements and about
5.0, 6.7, and 4.1%mean position enhancements in north, east,
and down components can be obtained respectively.

In addition, a significant reconvergenceprocess is emerged
in the GPS IF SF-PPP (the gray area), but it is not noticeable
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Fig. 7 Position differences of the SF-PPP based on the slant iono-
spheric delay and the receiver DCB constraint model using the GPS,
GPS+BDS (GBS), andGPS+GLONASS+BDS (GRB) observations
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Fig. 8 Available satellite numbers of theGPS,GPS+BDS (GBS), and
GPS+GLONASS+BDS (GRB) varying along with observing time

when using the multi-GNSS data and/or using the ZIDE/IC
SF-PPP model, especially in the horizontal components. It
is mainly due to the fact that (1) multi-GNSS systems can
provide more available satellite observations than a single
GPS does (seen in Fig. 8), and make the PDOP much bet-
ter (Li and Shen 2009); (2) the slant ionospheric delays and
receiver DCBs are rather stable in short time period (Zhang
et al. 2013), which can provide strong constraints for param-
eter estimation in the IC SF-PPP (Gao et al. 2015). Therefore,
while adopting the final GIM model provided by IGS as the
ionospheric constraints, the positioning performance of the
SF-PPP in terms of RMS, stability, and continuity can be
ameliorated remarkably by employing the multi-GNSS data
and adding the constraint models on the slant ionospheric
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delays and receiver DCBs. Finally, about 59.1, 66.5, and
61.6% position improvements respectively for the SF-PPP
in north, east, and down components can be obtained by
applying these methods together. However, according to the
theoretical method of the IC SF-PPP mentioned in Sect. 2,
the performance of such PPP could be partially influenced by
the accuracy of the apriori ionospheric model, which means
that higher accurate ionospheric models may provide a bet-
ter positioning performance and lower accurate models may
lead to aworse positioning solutions. From the previous stud-
ies (Hernández-Pajares et al. 2009; Zhang et al. 2013), the
accuracy of the current GIM model could be up to 2 TECU.
Hence, if a higher accurate ionospheric model (Shi et al.
2012; Yao et al. 2013) is provided, a much better IC SF-PPP
accuracy in solutions will be obtained.

4.2 INS-augmented multi-GNSS IC SF-PPP
performance

The works on the dual-frequency PPP/INS integration sys-
tem have demonstrated that the performance of the dual-
frequency PPP can be upgraded significantly with the aid
of the INS (Roesler and Martell 2009; Rabbou and El-
Rabbany 2015; Gao et al. 2015, 2016). Shown in Fig. 9
are the position differences of the IC SF-PPP/INS integra-
tion using the GPS, GPS+BDS, GPS+GLONASS+BDS,
andMEMS IMUdata. Compared to the solutions as shown in
Fig. 7, the noticeable position improvements can be obtained,
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Fig. 9 Position differences of INS (MEMS IMU)-augmented SF-PPP
based on the slant ionospheric delay and receiver DCB constraint model
using GPS, GPS+BDS (GBS), and GPS+GLONASS+BDS (GRB)
observations

especially in vertical components. According to the statis-
tics in Table 2, the position RMSs of the INS-augmented
GPS IC SF-PPP in north, east, and down components are
25.4, 40.8, and 48.3cm, respectively, with about 26.3, 20.3,
and 26.7% percentage improvements compared to the RMSs
of the GPS IC SF-PPP. Analogously, visible enhancements
can also be achieved while using the GPS+BDS or the
GPS+GLONASS+BDS data, and the mean improvements
of the position RMS for each direction are 18.3, 19.2, and
25.8%, respectively. Briefly, the final position RMSs of the
SF-PPP can be improved from 39.6, 73.2, and 77.6cm of
the GPS IF SF-PPP to 14.5, 21.9, and 22.3cm of the INS-
augmented GPS+GLONASS+BDS IC SF-PPP with about
63.4, 70.1, and 71.3% percentages enhancements totally.

Besides, compared to the solutions as shown in Figs. 5, 6
and 7,we can see clearly that the position jumps caused by the
insufficient satellite observations in all the three components
disappeared completely as shown in Fig. 9, even only using
the single GPS data. Generally, it is due to the effect of the
INS that canprovide users continuous navigation information
with high rate and high accuracy in short time period bymak-
ing digital integral on the IMUmeasurements (Siouris 1993;
Shin 2006). Meanwhile, the parameterized IMU biases and
scale factors are confirmed being stable in time domain (Gao
et al. 2015). Such characters can provide external informa-
tion to express a strong constraint on the parameter estimation
and prevent the positioning solutions divergence of the INS-
augmented IC SF-PPP. Therefore, we can obtain much better
position results in dynamic applications while utilizing the
augmented SF-PPP model introduced in this paper. Mean-
while, according to the SF-PPP solutions in this paper, the
initial convergence of the IF SF-PPP model is worse than the
other three SF-PPP models, and the difference among the
initial convergence of the ZIDE SF-PPP, the IC SF-PPP, and
the IC SF-PPP/INS is not noticeable. For the IF/ZIDE/IC SF-
PPP modes, it due to the factor that the initial convergence
of the SF-PPP is mainly determined by the qualities of the
pseudo-range and the carrier phase which is similar to the
positioning reasons mentioned in detail above. For the IC
SF-PPP model with and without the INS augmentation, the
INS-related information can only provide strong constraints
to enhance the positioning performance of the IC SF-PPP
after the INS-related errors are estimated accurately or the
errors of the IMU are very small. But the MEMS IMU’s

Table 2 Position RMS of the
INS-augmented IC SF-PPP and
the corresponding position
improvement percentages by
comparing the INS-augmented
IC SF-PPP with the IC SF-PPP

GNSS Position RMS (cm) Attitude RMS (◦) Position improvements (%)

North East Down Roll Pitch Heading North East Down

GPS 25.4 40.8 48.3 0.342 0.099 0.571 36.3 20.3 26.7

GBS 15.8 35.4 27.6 0.341 0.099 0.570 7.9 26.6 25.4

GRB 14.5 21.9 22.3 0.339 0.099 0.558 10.5 10.6 25.2
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errors are big and the INS-related parameters cannot be esti-
mated precisely in a short time period in the IC SF-PPP/INS
model, which leads to its initial convergence being improved
indistinctively. As is shown in Fig. 10, the convergence per-
formance of both SF-PPP mode and SF-PPP/INS integration
mode aremainly dependedonmulti-GNSSsystems, themore
GNSS systems applied the better convergence performance
can be obtained. The influence of INS in this test seems to
make the solutions stable and smooth. The reason may be
that the observation numbers of the SF IC-PPP mode (3*n)
are much less than that in the DF IC-PPP mode (5*n), which
degrades the effect of INS in improving SF PPP convergence
performance. However, it is proved that the initial conver-
gence of dual-frequency PPP can be improved visibly by the
augmentation of the INS (Gao et al. 2016). Besides, theoret-
ically, the initial convergence of the SF-PPP can be speeded
up when using the high grade IMU sensors (e.g., the tactical
grade, the navigation grade).

Besides the positioning solutions, the INS-augmented IC
SF-PPP can also provide attitudes in terms of Roll, Pitch,
and Heading. Plotted in Fig. 11 are the attitude time series by
making difference between the attitude solutions of the INS-
augmented ICSF-PPP and the reference values.According to
the corresponding RMSs listed in Table 2, the average RMSs

of Roll, Pitch, and Heading are 0.341◦, 0.099◦, and 0.566◦,
respectively. The attitude RMS differences among the INS-
augmented ICSF-PPPusingdifferentGNSSobservations are
almost within±0.01◦. Similar results can also be found from
the study on the INS-augmented dual-frequencymulti-GNSS
PPP of Gao et al. (2016). Theoretically, in the GNSS/INS
integration system, attitudes will become observable by the
positioning update when the vehicle makes maneuvers (e.g.,
steering or accelerating). In this case, the changes of the
positioning information will slightly affect the attitude esti-
mation. Besides, the estimation accuracy of attitude also can
be affected slightly by other parameters’ estimation in the
Kalman filtering, therefore the GNSS/INS integration sys-
tem based on different positioning techniques and different
GNSS observations will provide the attitude solutions with
little differences in accuracy. Shown in Fig. 12 are the esti-
mated biases of the IMU sensors in b-frame. In general, the
IMU biases vary slowly along with the IMU operating time.
Clearly, there are small differences among the IMU biases
estimated in the INS-augmented IC SF-PPP using differ-
ent GNSS data. Such differences are within ±0.17 cm/s2

and 0.09◦/h for accelerometers and gyroscopes respectively
according to the statistics.

4.3 Performance of INS-augmented IC SF-PPP
in challenge conditions

For the most of the land-borne dynamic applications, it is
common to pass the big buildings, overpasses, shades, and
tunnels, etc., especially in city canyon. In these conditions,
both the single-GPS and multi-GNSS may partially or com-
pletely lose the satellite signals tracking. The frequent GNSS
signal loss will destroy the continuity of the GNSS observa-
tion leading to the frequent reconvergence processing in the
PPP calculation and evidently degrading the PPP accuracy.
It is one of the main factors limiting the application of the
PPP in dynamic domain for both of the DF-PPP and SF-
PPP. To analyze the performance of the INS-augmented IC
SF-PPP in these conditions, beginning from 23.3min, seven
GNSS outage scenes (each scene lasts for 30 s with 1000s
available GNSS data following) are added to the observed
GNSS data with simulating unavailable satellites in each
GNSS outage scenes. Then, the whole data are processed in
the IC SF-PPP and the INS-augmented IC SF-PPP using the
GPS, GPS+BDS, and GPS+GLONASS+BDS, respec-
tively. Depicted in Figs. 13 and 14 are the time series of
the velocity and the attitude which show the dynamics of
the vehicle during each simulated GNSS outage directly. The
black regions (s1, s2, s3… s7) represent the simulated GNSS
outage periods.When the s3, s5, and s7 happened, there were
little changes of the vehiclemotion state and they almost kept
the linearmotion, which can be seen clearly from the changes
of the horizontal velocity and the heading angle during these
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Fig. 12 In body frame
(Forward-Right-Down), the
biases and scale factors of
accelerometer (left) and
gyroscope right) estimated by
the INS-augmented IC SF-PPP
using the GPS, GPS+BDS
(GBS), and
GPS+GLONASS+BDS
(GRB)
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periods. Similarly, we can also conclude that for the other
GNSS outage periods, the dynamics of vehicle is not linear
and is complex.

4.3.1 Performance of MEMS INS during GNSS outage
periods

During the partial and complete GNSS outage periods, the
IC SF-PPP cannot work anymore, but the INS-augmented IC
SF-PPP can still work in the INS-augmented mode and the
INS mechanization mode. However, the accuracy of these
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Fig. 15 Position drifts of the INS-augmented IC SF-PPP during the
GNSS outage periods (s1–s7 are GNSS outage simulations) using the
GPS, GPS+BDS, and GPS+GLONASS+BDS data

results will degrade along with the increasing GNSS outage
time. In the complete GNSS outage situations, the position
drifts calculated by the INS mechanization using the MEMS
IMU data are plotted in Fig. 15, and the corresponding posi-
tion drifts RMS and the maximum values along with the
GNSS outage time are listed in Table 3. Significantly, the
position RMSs in north, east, vertical components degrade
dramatically from 1.2, 0.6, and 2.7cm to 119.9, 193.7, and
221.2cm along with the GNSS outage time increasing from
1s to 30s, and the maximum drifts are even up to 185.5,
378.7, and 502.4cm. It is mainly due to the time varying
character of the IMU errors (as shown in Fig. 12) during the
GNSS outage. These errors estimated before the GNSS out-
age occurring can only be utilized to remove the collective
errors, but the extra increments of the IMU errors cannot be
estimated or compensated because of lack of external obser-
vations. Then, these undisposed IMU errors will lead the
position solutions from the INS to deviate rapidly. Gener-
ally, when the GNSS outage time is no more than about 15 s,
a sub-meter position RMS can be obtained. Theoretically,
the position accuracy during the GNSS outage time is deter-
mined only by INS, hence the solutions of the INS-aided IC
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Table 3 RMS and maximum of
position drifts of the
INS-augmented IC SF-PPP for
the different GNSS outage
timescales

Items Time 1s 5s 10s 15s 20s 25s 30s

RMS (cm) North 1.2 4.9 15.2 27.5 52.1 86.4 119.9

East 0.6 5.3 19.6 46.6 86.2 138.0 193.7

Down 2.7 20.8 55.8 100.7 146.4 190.5 221.2

MAX (cm) North 3.3 9.4 30.2 49.1 95.7 145.3 185.5

East 0.9 13.2 46.2 95.5 167.8 269.8 378.7

Down 6.4 49.4 128.8 226.1 334.1 438.6 502.4

SF-PPP using different GNSS data present slight difference
to each other. Clearly, it is owning to the different estima-
tion accuracy of the IMU sensors’ biases and scale factors.
Because, before the increments of the velocity and angle can
be utilized in the INS mechanization, all of them should be
compensated firstly to remove the impacts of the biases and
scale factors on the performance of the INS asmuch as possi-
ble. Hence, when the IMU data are compensated by different
accuracy biases and scale factors (as shown in Fig. 12), it will
inevitably result in solutions with little different accuracies.

4.3.2 INS-augmented IC SF-PPP working in frequent
GNSS outage environments

After each GNSS outage, when there are available GNSS
data, the INS-augmented IC SF-PPP works well. If the avail-
able satellite number reaches the minimum required in the
IC SF-PPP, it still works. Figures 16 and 17 plot the posi-
tion differences of the IC SF-PPP without and with the INS
augmentation, respectively, and the corresponding RMSs are
listed in Table 4. Comparing the results shown in Fig. 16with
those shown in Fig. 17, we can see obviously that (1) the solu-
tions of the IC SF-PPP with the INS augmentation are much
better than those of the IC SF-PPP; (2) the multi-GNSS data
can improve the solutions of the two positioning modes.
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Fig. 16 In the GNSS outage simulations, the position differ-
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and GPS+GLONASS+BDS (GRB) observations; s1–s7 indicate the
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Table 4 In the GNSS outage simulations, the position RMS
of the IC SF-PPP using the GPS, GPS+BDS (GBS), and
GPS+GLONASS+BDS (GRB) observations, respectively

GNSS IC SF-PPP IC SF-PPP/INS

North East Down North East Down

GPS (cm) 93.5 83.1 206.9 67.5 45.4 112.5

GBS (cm) 46.9 53.1 132.3 42.7 37.5 61.4

GRB (cm) 35.8 43.6 98.9 25.8 24.3 47.8

Accordingly, the position RMSs in north, east, and down
directions are enhanced visibly from93.5, 83.1, and 206.9cm
of the GPS IC SF-PPP to 35.8, 43.6, and 98.9cm of the
GPS+BDS+GLONASS IC SF-PPP with 61.7, 47.5, and
52.2% improvements, respectively. Statistically, about 55.8,
41.8, and 44.1% enhancements can be achieved when the
GPS+BDS data and the GPS+BDS+GLONASS data are
utilized in the IC SF-PPP. In the INS-augmented IC SF-PPP
mode, similar conclusions can also be obtained while com-
paring the position solutions from single GPS with those
from multi-GNSS. Finally, about 25.8, 24.3, and 47.8cm
position RMSs can be obtained while applying the multi-
GNSS data and the MEMS inertial measurements to the IC
SF-PPP together, and about 21–50% position improvements
can be obtained. Besides, comparing the position RMSs of
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the IC SF-PPP with those of the INS-augmented IC SF-PPP,
the average position improvements are 21.6, 39,7, and 50.3%
in the three components. Meanwhile, from Figs. 16 and 17,
we can also see that faster reconvergence process of the SF-
PPP can be achieved by applying both the multi-GNSS data
and the INS data.

5 Conclusions

A multi-GNSS SF-PPP model augmented by the slant iono-
spheric delays and receiver DCB constraint model and the
inertial measurements is presented in detail in this contri-
bution, and the corresponding software is also designed and
implemented. Then, the algorithm is evaluated and validated
by analyzing a set of land-borne vehicle experiment data.

According to the results, we conclude that (1)multi-GNSS
observations can improve the performance of the SF-PPP
significantly; (2) the position performance of the SF-PPP in
terms of the position RMS and continuity can be upgraded
significantly by using the slant ionospheric delay and receiver
DCB-constrained SF-PPP model; (3) with the augmentation
of the INS, the performance of the slant ionospheric delay and
the receiver DCB-constrained multi-GNSS SF-PPP can be
further improved to 14.5, 21.9, and 22.3cm with about 10.5,
10.6, and 21.9% percentages enhancements in north, east,
and vertical components, respectively. Besides the high accu-
racy in positions, acceptable attitudes can also be obtained
in this model. In addition, the results from the GNSS outage
simulations indicate that the performance of the SF-PPP in
terms of the position RMS, continuity, and reconvergence
time can be refined significantly with the help of the multi-
GNSSand the INS, except that the positioning accuracyof the
INS degrades dramatically along with the increasing GNSS
outage time.

With rapid development of the multi-constellation GNSS
systems, much more navigation satellites can be observed
at every epoch, which will provide the single-frequency
users better continuous observations and higher positioning
accuracy, especially after all of the four-satellite navigation
systems being of global coverage. Besides, along with devel-
opment of the low-cost IMU production technology, more
and more cheaper and better performance MEMS IMU will
be produced, and the INS-augmented SF-PPP model inves-
tigated here makes the performance of the SF-PPP in both
the open-sky conditions and challenged environments much
better compared to the current SF-PPP models, which makes
it potential in consumer applications.
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